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Abstract Linear block codes capable of correcting a burst of bit errors are desirable for protection of control plane
data in mobile networks because of their effectiveness and low overhead. Yet most decoding schemes for block codes
use hard decisions. The recent use of low-density parity-check (LDPC) decoders based on factor-graph, sum-product
algorithm (SPA) promise improved performance over hard-decision block decoding for codes with large and sparse
parity-check matrices. This requirement has thus far limited the application of SPA to most well-known block codes.
We present a simple modification of SPA which can handle non-sparse matrices. We illustrate the advantage of this
approach in the case of Reed-Solomon (RS) codes.

Key words Linear block codes, factor-graph, adaptive parity check matrix, Augmented cycle-free sub-graph, Reed-
Solomon code.

1 Introduction

Linear block codes are widely used in a variety of
commercial applications, such as low-density parity-
check (LDPC) in WiMAX and DVB [5], and Reed-
Solomon (RS) codes in data storage systems including
CDs and DVDs [2]. Recently, tremendous effort has
been focused on soft-decision decoding of these codes
under factor-graph framework. Based on factor-graph
framework, decoding is realized using an iterative algo-
rithm called sum-product algorithm (SPA). It has been
shown [1][3] that significant performance improvement
has been achieved. Unfortunately, the SPA works well
only when the parity check matrix of the codes is sparse.
However, there exist plenty of codes which do not sat-
isfy this requirement. For example, the parity check
matrix of RS code belongs to high density parity check
matrix and it is far from sparse. For the codes hav-
ing non-sparse parity check matrix, the traditional SPA
cannot work because the existence of a large amount
of undesirable cycles in the corresponding factor graph.
As a result, there is high possibility that incorrect mes-
sages are cycled in the graph and re-enforced each other,
which leads to decoding failure. Because of the potential
improvement brought by soft-decision decoding, a new
SPA algorithm with a simple modification is proposed
in the paper to deal with codes with non-sparse parity
check matrix.

To combat the large amount of undesirable cycles in
the graph of the corresponding linear block codes, the
proposed method distinguishes undesirable cycles from
the rest and eliminates most of those in the graph. Gen-

erally, this is realized in two steps. The first step is to
select a group of suspicious bits according to their ab-
solute values and syndrome pattern. The second step
is to adapt the corresponding parity check matrix to re-
move all the cycles involved with selected suspicious bits
by using Gaussian elimination and an algorithm called
psedo-random degree-2 connection.

As a result, the proposed method achieves up to 3 dB
performance improvement compared with traditional
SPA decoding of RS codes, and 1.5 dB compared with
its hard-decision decoding under white Gaussian noise.
Under Rayleigh channel, the performance improvement
is up to 4 dB compared to the traditional SPA decod-
ing and 8.5dB compared to the hard-decision decod-
ing. Furthermore, the performance-complexity tradeoff
can be controlled through changing two configuration
parameters including the number of selected suspicious
bits and one flag relating to number of times on adapt-
ing the parity check matrix and/or selecting selected
suspicious bits.

2 Traditional SPA algorithm

If an (N, K) RS code over GF (2m) is taken as an exam-
ple, its H can be represented as

H =
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Table 1: The traditional SPA based iterative soft-
decision decoding

Input: Parity check matrix Hb; the maximum num-
ber of iterations Lm and LLR vector for the
coded bits from the channel observation.

Step 1: Initialization-Set η
[0]
i,j = 0 for all (i, k) with

Hb(i, k) = 1. Set λ
[0]
k = L(k), Set the loop

counter, l = 1.

Step 2: Sum-product decoding algorithm

(a) Check node update: For each (i, k) with
Hb(i, k) = 1: Compute

η
[l]
i,k = −2tanh−1(

∏

p∈Φi,m

tanh(−
λ

[l−1]
p − η

[l−1]
i,p

2
))

(b) Bit node update: For k =1,2,n: Compute

λ
[l]
k = L(k) +

∑

i∈Ψn,k

η
[l]
i,k

where Ψn,k refers to the collection of the
row indices at which the values of Hb are
nonzero for kth column,Φi,m refers to the
collection of the column indices at which
the values of Hb are nonzero for ith row

(c) Make a tentative decision: Set ĉk = 1 if

λ
[l]
k > 0 else set ĉk = 0. If Hbĉk = 0, stop.

Otherwise, if l < Lm, set l=l+1, go back
to Step 2 for another iteration.

where is the primitive element of GF (2m) and δ = N −
K. Since each symbol in GF (2m) can be represented in
m bits. The parity check matrix H can be mapped to
a binary parity check matrix Hb with size of (n − k)n,
where n = Nm and k = Km.

Once the parity check matrix of RS code is created,
the well-known sum-product algorithm (SPA)[4] shown
in Table 1 for iterative soft-decision decoding can be
employed to decode RS codes. Fig. 1 shows the per-
formances in terms of word error rate (WER) com-
parison between the hard-decision algorithm and tradi-
tional SPA. It can be seen that, without improving, tra-
ditional SPA even yields worse performance compared
with the hard-decision algorithm. The traditional SPA
fails mainly due to the existence of cycles in the graph
determined by the parity check matrix Hb. In the next
Section, a short analysis is provided to distinguish the
most devastating cycles from the rest.
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Figure 1: WER Performance comparison between hard-
decision algorithm and traditional SPA for (204, 188)
RS codeword.

3 Cycles Involving with More

Than One Incorrect Bit

The sum-product algorithm fails mainly due to the ex-
istence of short loops determined by the parity check
matrix Hb. The problem is more severe when more than
one incorrect bit is involved in a loop. For example, if
there are two incorrect bits within one loop and all other
bits involved with the same checks are correct, the sign
of ηik in Table 1 are always wrong and the LLR moves
towards the wrong direction in each iteration. In this
case, both of the two incorrect bits enforce each other
and themselves in the wrong direction, which leads to
decoding failure. Thus, it is important to remove the
cycles of the factor-graph involving more than one in-
correct bit determined by the parity check matrix.

For the parity check matrix Hb of RS code, it can be
easily observed that it contained a huge number of cy-
cles due to its high density. For example, the row and
column weights for (204, 188) RS code with n−k = 128
is around 810 and 60, respectively. It is difficult maybe
impossible to remove all the cycles. Since it has already
been analyzed that the loops involving incorrect bits are
more damaging, especially for those involving with more
than one incorrect bits, it is expected that all these dam-
aging loops should be removed in order to achieve good
performance. In the next Section, a new adaptive parity
check matrix based decoding algorithm is proposed with
augmented cycle-free sub-graphs. By using the proposed
method to adapt the parity check matrix, almost all the
cycles involving with more than one incorrect bits are
removed and significant performance improvement has
been achieved as a result.

It is worth mentioning that authors in [3] proposed
a method to remove cycles involved with bits having
low absolute values of LLR. Because, generally speak-
ing, bits with lower absolute values of LLR have higher
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probability to be incorrect bits. The method in [3] re-
moves a portion of damaging loops described in the pre-
vious paragraph. When there are incorrect bits with
high absolute values of LLR, however, the method with-
out removing any loops involved with these incorrect
bits, even creates loops in between the unreliable bits
and these incorrect bits. In this case, the algorithm in
[3] fails to converge to the correct codeword and its per-
formance in terms of WER suffers from an error floor
and hard-decision algorithm has to be included during
each iteration of SPA.

4 The selection of suspicious bits

and adaptation of the parity

check matrix

The proposed method to adapt the parity check matrix
in each iteration is majorly divided into two steps. The
first is to locate a set of suspicious hard-decision error
bits (SHDD-EB) whose reliabilities yields hard-decision
errors in high probabilities. The second is to create a
new parity check matrix remove all the cycles involving
within all SHDD-EB during each iteration.

4.1 Determine the SHDD-EB

After reordering all the bits with the ascending order
of LLR, the bits are divided into two groups. The first
group is the (n-k) bits which have relative low absolute
values of LLR. The second group is the remaining k bits
which have relative high absolute values of LLR.

It can be easily understood that bits with lower re-
liabilities are more prone to yield hard-decision errors
than those with higher reliabilities. Thus, the SHDD-
EB firstly includes (n-k) bits which have lower reliabili-
ties. Furthermore, it has been found that there are also
incorrect bits with high reliabilities. Fig. 2 facilitates
a better understanding of the existence of incorrect bits
with high absolute values of LLR. It illustrates the per-
centage among 5320 RS codewords containing q incor-
rect bits not belonging to the (n − k) most reliable bits
at different Eb/No,. Generally, the percentage increases
with the decreasing of Eb/N0. More importantly, there
always exists at least one incorrect bit with high ab-
solute LLR for all Eb/No. As a result, the SHDD-EB
secondly includes maximum of q bits which have the
highest probabilities of being the incorrect bits are se-
lected among the second group, where q represents the
number of bits selected from the second group. These
q bits are selected based on maximizing the correlation
between the modulus-2 summation of the corresponding
columns of Hb and syndrome vector. When q = 1, the
bit is selected [6][1] according to

j = arg maxi((Hb · y)′ · hi) (2)

where y is the hard-decision of the LLR vector in each
iteration and hi is the ith column of Hb. When q = 2,

there are possibilities that either one or two bits are
selected from the second group according to

{a0j0, a1j1} = arg maxi,k((Hb · y)′ · ((a0hi) ⊕ (a1hk)))
(3)

where a0 and a1 are both either 1 or 0 determining
whether j0 and j1 are selected respectively (1 means
selected).
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Figure 2: Ratio of (204, 188) RS codeword when there
are q incorrect bits with large absolute values of LLR as
a function of Eb/N0. Totally, 5320 RS code words are
generated.

4.2 Adapt the parity check matrix

The adaption of the parity check matrix is divided into
two procedures. The first step is to use Gaussian-
elimination to turn the sub-matrix involving SHDD-EB
with low reliabilities to a unit matrix. Through this
way, the cycles involving with the (n-k) bits with lower
LLR, are eliminated. The second step – pseudo-random
degree-2 connection, is employed to increase the column
weights without creating new cycles between SHDD-EB
with low LLR and SHDD-EB with high LLR. The de-
tails of pseudo-random degree-2 connection are given in
Section 4.2.1.

4.2.1 Pseudo-random degree-2 connection

In this step, a pseudo-random permutation is found
firstly to avoid introducing loops between the first-group
SHDD-EB from the second group SHDD-EB. Then,
each row of parity check matrix Hb is added to its pre-
vious row to form a new parity check matrix.

To avoid the loops between the first-group SHDD-
EB and the second group SHDD-EB, it is desired that
no patterns {1, 0, 1} or {0, 1, 0} exist in the jth column
after the permutation if it is assumed that the jth col-
umn corresponds to the suspicious incorrect bits with
high absolute values of LLR. An example is shown in
Fig. 3 for a clearer understanding. If there are patterns
like {1, 0, 1} existed in the jth column, the parity check
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matrix after adding pi+1th row to pith row, has loops
between the suspicious incorrect bits. To achieve the

Pattern {1, 0 ,1}
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Figure 3: Loops introduced after degree-2 connection

desired permutation, the most straightforward way is
to try every possible permutation, discard those which
do not satisfy the above mentioned requirements until a
qualified one is found. Unfortunately, this way requires
an extremely heavy computational cost. Thus, a much
simpler way is presented in the following for cases when
q = 1 and q = 2 since it has been shown in Section 3
there are no more than two reliable incorrect bits for
the most interested range of BER. It should be noticed
that this method can be extended to q = log2(n − k) in
a similar way as the way that is extended from q = 1 to
q = 2.

(A). When one bit in the second group of SHDD-EB
is selected.

If it is assumed that jth bit is the selected bit among
the second group SHDD-EB, the details of pseudo-
random degree-2 connection are presented as follows,

Step 1: Order the rows of the parity check matrix Hb

following the rules that the values of hj is in a de-
scending order, which defines a permutation t1, t2

,· · ·, tn−k. Suppose that the first row of hj being 0
is the trth row.

Step 2: Randomly select a number r0 from 2 to r − 1
and another number r1 from r to n− k− 2. Switch
rows from tr0 to tr1 with rows from tr0 to tr1, which
defines the second permutation p1, p2, · · ·, pn−k.

Step 3: Add pi+1th row to pith row, for i = 1 to n −
k − 1.

Step 1 guarantees non-existence of patterns like {1, 0, 1}
or {0, 1, 0}. Step 2 introduces randomness and guaran-
tee the bits among the second group SHDD-EB receive
extrinsic information from two instead of one check. The
randomness is helpful in the sense that the different
checks are involved in providing different correction in-
formation in each iteration. This way helps to avoid
that the algorithm gets stuck if there are incorrect bits
associated with the check information.

(B)When two bits in the second group of SHDD-EB
are selected,

If it is assumed that j0th and j1th bits are the se-
lected bits among the second-group SHDD-EB, the steps
of pseudo-random degree-2 connection are shown as fol-
lows,

Step 1: Reorder the rows of the parity check matrix
Hb following the rules that the values of hj0 is in a
descending order, which defines a permutation t1.
t2 ,· · ·, tn−k. Suppose that the first row of hj0 being
zero is the trth row.

Step 2: Reorder the rows t1, t2,· · ·, tr−1 of the parity
check matrix Hb following the rules that the val-
ues of hj1 for these rows are in a descending order,
which defines another permutation t′1,t

′

2, · · ·,t
′

r and
suppose that the first row of hj1 being 0 is the t′k0th
row.

Step 3: Reorder rows tr, tr+1 ,· · ·, tn−k of the parity
check matrix Hb following the rules that the val-
ues of hj1 for these rows are in an ascending order,
which defines the third permutation and suppose
that the first row of hj1 being 1 is the k1th row.

Step 4: Randomly select a number r0 from max(2, k0)
to r − 1 and another number r1 from r to n − k −
max(2, n − k − k0). Switch rows from r0 to r −
1 with rows from r0 to r1, which defined the last
permutation p1, p2,· · ·, pn−k.

Step 5: Add pi+1 th row to pith row, for I = 1 to
n − k − 1.

For the case (B), the step 1 and step 5 are exactly
the same as step 1 and 3 for case 1). Step 1 guarantees
the non-existence of patterns {1, 0, 1} or {0, 1, 0} in the
j0th column and the Step 2, 3 guarantee that there are
no such patterns introduced in the j1th row without
introducing the patterns in the j0th column. The step
4 in this case has the same functionality as that of the
step 2 in the case 1).
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5 Complete description of the

proposed algorithms

Table 2 shows the detailed steps of the proposed algo-
rithms. For the proposed method, two configuration pa-
rameters are added to control the tradeoff between the
performance and computational complexity. The first
parameter is q which is the number of bits in the second
group of SHDD-EB. The second one is flag1 and it deter-
mines whether Step 2 and 3 in Table 2 are done in each
iteration or only once in the first iteration. In the next
Section, detailed performance comparisons between dif-
ferent configurations are shown in terms of WER curves.

6 Simulation Results

Word error rates (WER) are drawn as a function of
Eb/No. For each Eb/No, either 100 word errors are
recorded or a total number of 1,000,160 information
words are reached. The decoded word is selected ac-
cording to minimizing the summation of log likelihood
ratios of the different decoded bits during each iteration
compared with the hard-decision of the received vector.
Fig. 4 depicts the comparison between the method in
[3], the methods proposed in this paper and hard de-
cision Berlekamp-Massey (BM) algorithm [2] in AWGN
channel. Proposed method 2 and 3 represent the al-
gorithms shown in Section 5. Method 2 refers to the
case when flag1 =1 and Method 3 refers to the case
when flag1 = 2 and the proposed method 1 represents
the same algorithm with flag1=0. It can be seen that,
compared with the algorithm in [3] with BM algorithm,
roughly around 0.25 dB performance gain is achieved
through using the proposed method when q is one, and
0.75 dB is achieved when q is two. Furthermore, the pro-
posed methods achieved up to 1 dB performance gain
compared with the method [3] without hard decision al-
gorithm in the iteration. Besides, the performance dif-
ferences are actually neglected between method 2 and
3 when q is one. This means that similar performances
are achieved with much less computational complexity.
Thus, only the performances of methods 1 and 3 are
shown when q is two. For the Rayleigh channel, we ob-
serve similar results. Only proposed methods 3 and 1
are shown because method 2 does not have the good
tradeoff property compared with method 1 and 3. It
can be seen from Fig. 5 that around 8.5 dB perfor-
mance improvement is achieved compared with the BM
algorithm, 3.5dB compared with the traditional SPA
without adapting the parity check matrix, up to 1dB
performance improvement is achieved by the proposed
method 2 with q = 1 and q = 2 compared with the algo-
rithm in [3] with BM algorithm, and 1.5 dB compared
with the algorithm in [3] with BM algorithm.

Table 2: The adaptive parity check matrix based decod-
ing with augmented cycle-free sub-graph.

Input: Parity check matrix Hb; the maximum num-
ber of iterations Lm and LLR vector for the
coded bits from the channel observation; flag1.

Step 1: Initialization-Set η
[0]
i,j = 0 for all (i, k) with

Hb(i, k) = 1. Set λ
[0]
k = L(k), Set the loop

counter, l = 1.

Step 2: Parity check matrix adaptation:

(a) Order the coded bits according to the abso-

lute values of {λ
[l]
k }

(b) Implement Gaussian elimination to system-
atize the (n − k) columns of Hb which is
associated with the (n− k) unreliable bits.

Step 3: Parity check matrix adaptation through
pseudo-random degree-2 connection algorithm

(a) Finding SHDD-SB according to Eq. 2 or
2).

(b) Pseudo random connection algorithm in
Section 4.2.1.

Step 4: Sum-product decoding algorithm

(a) Check node update: For each (i, k) with
Hb(i, k) = 1: Compute

η
[l]
i,k = −2tanh−1(

∏

p∈Φi,m

tanh(−
λ

[l−1]
p

2
))

(b) Bit node update: For k =1,2,n: Compute

λ
[l]
k = L(k) +

∑

i∈Ψn,k

η
[l]
i,k

where Ψn,k refers to the collection of the
row indices at which the values of Hb are
nonzero for kth column,Φi,m refers to the
collection of the column indices at which
the values of Hb are nonzero for ith row

(c) Make a tentative decision: Set ĉk = 1 if

λ
[l]
k > 0 else set ĉk = 0. If Hbĉk = 0,

stop. Otherwise, if l < Lm, set l=l+1. If
flag1 == 0 go back to Step 2 for another
iteration, if flag1 == 1 go back to Step 3
for another iteration, flag1 == 2 go back
to Step 4 for another iteration.
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Figure 4: WER of (204, 188) RS code as a function of
Eb/No in AWGN channel.
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Figure 5: WER of (204, 188) RS codes as a function of
Eb/No in Rayleigh channel.

7 Conclusion

A new iterative soft-decision decoding algorithm is pro-
posed for decoding linear block codes. It is based
on adapting the parity check matrix in each iteration.
Compared with the existing adaptive parity check ma-
trix based algorithm, the proposed one removes loops
not only between the bits with low absolute values of
LLR, but also between the suspicious incorrect bits with
high absolute values of LLR. As a result, the perfor-
mance in terms of WER is improved and the error floor
at high Eb/N0 is removed.
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